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ABSTRACT 

For a Hopf algebra A, we define the structures of differential complexes 
on two dual exterior Hopf algebras: 1) an exterior extension of A and 2) an 
exterior extension of the dual algebra A*. The Heisenberg double of these 
two exterior Hopf algebras defines the differential algebra for the Cartan dif- 
ferential calculus on A. The first differential complex is an analog of the de 
Rham complex. In the situation when A* is a universal enveloping of a Lie 
(super) algebra the second complex coincides with the standard complex. The 
differential is realized as an (anti) commutator with a BRST- operator Q. A re- 
current relation which defines uniquely the operator Q is given. The BRST and 
anti-BRST operators are constructed explicitly and the Hodge decomposition 
theorem is formulated for the case of the quantum Lie algebra Uq{gl{N)). 
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1. Introduction 



The theory of the bicovariant differential calculus on a Hopf algebra A has 
been developed by S.Woronowicz |^ (for reviews see [^) on the basis 

of the axiomatics for the noncommutative differential geometry proposed by 
A.Connes Then it was shown in 1^, [Q that the Woronowicz theory could 
be applied to the description of differential calculi on quantum analogs of some 
Lie groups and can be adopted to the i?- matrix formalism of The special 
example of Fun{GLq{N)) has been considered in detail in |^|, jo), 
(see also Hand references therein). 

In |l6|, it was established that the GLq{N)- differential algebra is a 

Poincare-Birkhoff-Witt (PBW) type algebra and therefore indeed describes the 
quantum deformation of the classical differential algebras over GL{N). The 
SLq{N)- differential algebra of PBW type has been constructed in ||l2| (see 
also @). 

However, further analysis has shown that the bicovariant differen- 
tial algebras §, |l| of the Wor onowicz calculus on the Fun{SOq{N)) and 
Fun{Spq{2n)) (actually their bicovariant subalgebras of differential I-forms) 
have incorrect dimensions and are not of PBW type. Thus, these noncommu- 
tative algebras could not be interpreted as the quantum deformations of the 
corresponding classical differential algebras. 

In this paper we relate the Woronowicz theory to a deformation of the BRST 
theory (for review of the BRST theory see ; the applications of the BRST 
theory to the Lie algebra cohomology theory can be found in 0, This 
relation has already been exploited in , |Q in the context of the discussion 
of the so-called "quantum group gauge theories" (about the q-group gauge 
theories and related noncommutative geometries see e.g. and references 
therein). The main idea is that the Woronowicz exterior differential map d 
acting on the exterior extension of the Hopf algebra A should be generated 
by a nilpotcnt operator which is nothing but the BRST charge related to the 
deformed algebra of the vector fields over A. The construction of the explicit 
formula for this BRST operator is the main result of the present paper. 

In the first Section we explain the notion of the quantum Lie algebra. In the 
second Section we collect all results about the Cartan differential calculus on 
Hopf algebras (this is an extension of the Woronowicz differential calculus) and 
show how the quantum Lie algebras appear naturally in the context of these 
calculi. The BRST operator for the quantum Lie algebras is constructed in 
Section 3. In Section 4 we consider the special case of the quantum Lie algebra 
Uq{gl{N)) in detail. The BRST and anti-BRST operators are constructed 
explicitly and the Hodge decomposition theorem is formulated for this case. 
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2. Quantum Lie Algebras 



A quantum Lie algebra , |l[ , , [|j is defined by two tensors C^j and cr™'' 
(indices belong to some set N\say, M = {!,..., N}). By definition, the matrix 
(T^*^ has an eigenvalue 1; one demands that (^'(i))™'^ ^mk = 0, where P(i) is a 
projector on the eigenspace of a corresponding to the eigenvalue 1. 

By definition, a quantum Lie algebra F is generated by elements Xi, ? = 
1, . . . , iV, subjected to relations 



Xi Xj 



^rak 



Xra Xk ^ij Xk 



(1) 



Here the structure constants Cf obey 



ni pj 



^mk 



^ ^<1| ^<4| _ ^<1| ^<4| 

^ '-'|12> '-'|13> - ^23 L'|12> L-|13> 



ij np 



^<3| ^<4| 
|23> |13> ' 



(2) 



^k pin 



C^2> 0-13 



0'23 0'12 C| 



<3| 
|23> 



(3) 



jks 
'nj 



jjn / ps f^k I Xk (^s \ 
qi \ n7n jp ' j nmJ 



The matrix a 



(o-23 C'^2> + C'|1|>) 0-13 - 0-12 (a'23 C^2> + ^|23>) ' 

" satisfies the Yang-Baxter equation 



^<3| 



(4) 



_Jlj2 n2k3 fcifc2 _ n-'^l"^ _fc2fc3 

1112 ^223 jin2 1213 ni2 "2^3 



^ (712 Cr23 CTi2 = Cr23 Cri2 CT23 • 



(5) 



In the right hand side of (||)-(||) we use the FRT matrix notations indices 
{1, 2,3,.. .} are the numbers of vector spaces, e.i?., /i := is a matrix which 
acts in the first vector space. Additionally, we use incoming and outcoming 
indices, e.i?., fi^^' :— il'^ and 7|i> :— denote a covector with one outcoming 
index and a vector with one incoming index respectively. Thus, in this notation, 
the matrix /i can be written as /i = . 

Note that relations (||) - (|^) can be justified if we consider a monomial 
X|i>X|2>X|3> of degree three and reorder it in two different ways using the 
defining relations (ll). A demand that the results coincide implies 



-I- 



"■23 Cf[^ 



= 

|12> 



^0'12 Cr23 0'12 - 0-23 d 12 0-23) X|l> X\2> X|3> 



<1 



1713 ~ 0'23 0'12 



'-^|12> 

(i-a23)q<2i 



23> 



X|l> X|3> 



12> + ^|23> ) *-''|13> ^|4>- 



<3| 



<4| 



X|1>X|3> 



(6) 
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This is indeed an identity: the cubic term vanishes because of (||) , the quadratic 
terms vanish in view of and while the last term disappears due to the 
Jacobi identity (||). 

Remark 1. Note that to obtain the identity (||) it is not necessary to require 
precisely the relations (|) and only their combination enters in (||). To 
obtain relations (^) and (|) as consistency conditions, one has to consider the 
following situation. For each integer M, let x|^^'' be a copy of the generators 
Xi- Assume that the relations between different copies are given by 



(K) (M) _ AM) (K) 
^\1>^\2> - '^12X|i> X|2> 



^<3| [K) 
^|12>-^|3> 



for K < M . 



(7) 



Then, ordering in two different ways an expression X|f>x[^^x[3^^ with L < 



M < K, one obtains 
identity 



in terms cubic in x, and, in lower odred terms, an 



^|12> ^13 



<3 



|23> 
1723 f 12 C'l 



f 13 - 0-12 

<3| 
|23> 



(o'23 C'l 

(K) (L) 
-^|1>^|3> 



<1| , r<^l 
12> ^|23> 



(M) (L) 
^|1> ^|3> 



(8) 



(l-^23)C|f 



|12> 



<3| 
23> 



<4| 



|13> -^|4> 



This identity is completely equivalent to the set of the relations (j^), and 
(§• 

Remark 2. The Jacobi identity (|2|) implies the existence of the adjoint repre- 
sentation, in which the generator Xi is represented by a matrix (ad(xi))i- = ^ki- 
Also, any quantum Lie algebra possesses a trivial one dimensional representa- 
tion, in which each generator Xi s,cis as zero. 

Remark 3. The quantum Lie algebras defined by equations (0)-(||) gener- 
alize the usual Lie (super-)algebras. In the non-deformed case, when cr™'^ — 
jfc is a super-permutation matrix (here ~ \ and (5|) is ful- 
filled; (m) = 0, 1 mod{2) is the parity of a generator Xm), equations (|l) and (||) 
coincide with the defining relations and the Jacobi identities for Lie (super)- 
algebras. Equation is then equivalent to the Z2-homogeneity condition 
= for {i) / {j) + (fc). Equation (§ follows from (|). 

Remark 4. It was noted in jl9| that the relations (||) - (||) can be encoded as 
the Yang-Baxter equation for the matrix Sq'^ where capital latin indices A, 
B, ... belong to the set U A/" (for the matrix cr^-J the indices belong to the set 
A/"). The matrix S is defined by 



Oj 



17-' <? 
"kl ' '^fci 



(9) 



and the other components of S are zeros. 
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3. Cartan Differential Calculus on Hopf Alge- 
bras 



In this Section we explain that the quantum Lie algebras (|l]) appear natu- 
rally (as quantum analogs of vector fields) in the context of the bicovariant 
differential calculus on the Hopf algebras. 

3.1 Exterior Hopf algebras 

Let A (A, e, S) be a Hopf algebra and A* is a Hopf dual to A. The comulti- 
plication and left-right A- coactions on A are 

A(a) = 0(1) ® a(2) = AL,fl(a) , aeA. (10) 

Here the Sweedler notation is used. One can define [Q the bicovariant bimodule 
r'^-'^^ over ^ as a linear space with left-invariant basic elements {w'} such that 
left and right A- coactions on F^^^ have the form 

AlIl^') ^ 1 ® Lo\ Ar{lj')^u' ®r} (11) 

where G A. Since any left-invariant element can be written as a linear 
combination of the basis elements {w*}, one has S'(a(i)) a(2) — /j (a) t^'"' which 
is equivalent to the commutation relations of elements a A with uj'^ G F^^^: 

a = (/j t> a)Lj' = a(i)f]{a(2))oJ^ , (12) 

where /j G A* . Covariance of ( [T^ ) under right A- coaction (|l^) , ( [Tl] ) requires 
the main condition on the elements /, r: 

{nt>a)rl^ri{a<fl) , Va G ^ . (13) 

As it was shown in (for more details see [^), one can construct the 
exterior Hopf algebra F^ = © F^^) © F^^) ® . . .} via the Woronowicz's 
definition of the covariant exterior product 

LJ' A UJ^ =L0'® LO^ - UJ^ ® J LJ<^^ A LU<^^ = UJ<^^ ® UJ<^^ (1 - ct)i2 . (14) 

where the matrix (t^"J — fl {rV) (an analogue of the permutation matrix) satisfy 
the Yang-Baxter equation (^) which follows from (|l^) if we put a = r™ and 
then take the pairing with (here we need to use the explicit forms for the 
comultiplications A(/*) and A(rj), see below). 

A generalization of the definition of the wedge product (|lj) to the case of 
the product of n 1-forms is straightforward 

a;<i| A w<2| A ... A tj<"l = uj<^\ ® w<2| w<"l Ai^„ . (15) 
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Here the matrix operator Ai^n - is an analog of the antisymmetrizer of n 
spaces. This operator is defined inductively (see e.g. Q) 

(16) 

where an^k = fn-ln ■ ■ ■ Crk+lk+2 <^kk+l, <^k^n = kk+1 O'fc+lfc+2 • ■ ■ CTn-ln {n > 

k). If the sequence of operators Ai_»„ vanishes at the step n — h + 1 {Ai^n ~ 
Vn > h) then the number h is called the height of the matrix ai2. 

The extension of the comultiplication (^0|) to the whole exterior algebra 
is defined by Q 

/\{uj')=1\l{uj') + /^bW)^1®oj' +uj^ ®r] , (17) 

A(a; a) — A(w ) A(a) , A(aw) = A(a) A(w) , (18) 

where (8) is a graded tensor product and the grading is: degioj) = n for lo e 
r(") . Associativity condition for (w a b) with respect to ( p^ and coassociativity 
condition for (^7|) yield the form of comultiplications for /j and 

A(/])=/^®/;, A(r;.)=r>r^ (19) 
The other structure mappings for /, r and w's are obtained from (0), (|l|) 

eC'^P - -5} = 6(/;) , S{fl)f^=6} = S{r';)rl, 

eiio') = , S(lo') = -w-'' 5(rp . (20) 

To summarize this subsection we stress that the knowledge of two sets of 
elements {rj} g A and {/]} G A' which satisfy (|l3| ) is enough to construct a 
bicovariant bimodule over A and then extend A to the exterior Hopf algebra 

Remark. The space F^^^ is a subspace in w®^ spanned by tensors a of the 
form 

a = J^®...®u:^''^^:Xa,,...,, (21) 

The formula Ai.../c/i ■ ■ ■ fk = fi ■ ■ ■ fk ^i.../c implies that multiplication of the 
elements of F*^ and A is compatible with (p^). Given two forms a G F*^*"'^ 
(as in (|2l])) and b G F*^'-* (with coefficients bj^,,,j^) define their wedge product 
a A 6 ef^'^+i) to be 

ahb:^uj^^®...® u:^-^^ A^;;^ c,,...,,^, (22) 

where 

C-il-.-ikji-.-jl — 0,ii_...ik ^ji-.-ji ■ (23) 
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The definition (|2^), (|2^) of the wedge product of the differential forms is self- 
consistent. Indeed, one can change a by adding Sa, such that Ai,,,kSa = 0. 
Then, Ai,,,k+i Sa A b = 0, since Ai,,,k+i (in view of (p^)) is proportional to 
Ai...k, ^i...fc+i = Z ■ Ai,,,k for some Z. It is straightforward to see that this 
tensor product is associative. 

3.2 Dual exterior Hopf algebra 

By analogy with the construction of the previous subsection one can define the 
bicovariant bimodule F^^^* and exterior Hopf algebra over the dual algebra A* 
(A(/i) = ® /i(2), h G A*) by introducing two sets of elements {r^} £ A and 

{7^} e A* such that (cf. with (|l3), (|0|)) 

7, /i = (r^ > /i) 7j = < /i(2) , rl > , (24) 

A(7,) = l®7» + 7j ®7' , (25) 
e(70 = , 5(7.) = -7.- S(jl) => S-\-f,) = -S-'(jl) 7, , (26) 

where < h, a >= h{a) is a dual pairing for Hopf algebras A, A* and the 
elements {7^} form the left-invariant basis for the bimodule F^^^*. As above, 
we have from A(7j h) — A(7i) A(/i) the relation (cf. with (p^)) 

{ri>h)j]=Jl{h<r^^), yh^A*. (27) 

and the wedge product in the exterior Hopf algebra F^* = ^*®F(^)*©F(2)*©. . . 
{deg{j) = -n for 7 e F^")*) is defined by 

7. A 7j = 7» ® 7j - 7fc ® 7/ , ^' (/J) • (28) 

Let us consider the special case when dim,{r^^'>) — dim{T'-^^*) and formulate 
the conditions when the exterior Hopf algebras F^ and F'^* are Hopf dual to 
each other. One can extend the pairing for the algebras A and A* to the 
non-degenerate pairing of the algebras F^ and F^*: 

< 7,;, uj^ >= Si , < F(")*, F(™) . (29) 

This pairing is compatible with the grading. The relations (p7|), ( p5| ) and ( pof ) 
give 

< hji, au^ >^< h, a > Si , h e A* , aeA. (30) 

Now it is clear that the equations (|2^) and ( ^0| ) relate the sets of elements {r, /} 
with {r, /}. Indeed, from one side we have < 7^, uj'' a >=< A(7i), w'^ a >= 
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/j (a), Va but on the other side we deduce < 7i, ut'' a >=< -fi, {fj > a) uj^ >= 

fi{a) and therefore = . Considering the pairing < ^ih.io'' >, we obtain 
f*^ = r'^- and, thus, a]^i = cr^-';. It leads to the definition of wedge product of n 
elements 7^ (see (p8|)): 

7|1> ^ 7|2> • • • A 7|„> = Ai^n 7|1> ® 7|2> • • • 'X' 7|n> 1 

(31) 

where operators ^i_>„ are the same as in (p^). 

3.3 Differential and the algebra of vector fields 

Suppose that there exists a differential map d: r(") r("+i) (r(") ^) which 
squares to and satisfies the Leibniz rule {uj, uji E T^) 

As it was shown in j|] the left and right coactions: Ai((i(a)) = a(i) ® (i(a(2)), 
Aij((i(a)) = d(a(i)) ® a(2) are compatible with the definition of the bicovariant 
bimodule r^^). From (|l^) we obtain the " Leibniz rule" for the comultiplication 

A{d{a)) = {d(E)id + id® d)A{a) A d = {d®id + id® d)A , (33) 

which can be extended to the whole exterior algebra (taking into account 
that (8) is the graded tensor product). Since the 1-form uj — S{a(^i^) da(^2) G T'^^ 
(Va G A) is left-invariant, it has to be expanded over the left-invariant basis 

S'(a(i))da(2) = ^ X»(a)^' ^ d{a) ^ {Xt > a) uj\ (34) 

i 

where Xj (<j) are some coefhcients and Xi ^ A* . Applying the Leibniz rules ( ^2[ ) 
and @j to eq. (||) gives 

Mx^) = /f + 1 ® , (35) 

a<Xi^ iXj > a)rl . (36) 

Equations ( p4[ ) and (^5|) lead to the definition of the antipode and the counit 
for the elements xf- 

X^{I) = <X^) = , S{X^) = "X, ^(//) ^ X^ = SiX,) ff • (37) 

According to , Xi are interpreted as vector fields over the Hopf algebra A. 
One can obtain the commutation rules for elements Xi with arbitrary h G 

A*: 

X^h^{r'^>h)xk , (38) 
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from the requirement that the pairing of A and A* is non-degenerate. Indeed, 
we have from ( p6| ) 

< Xi h, a >=< h, a<i Xi >=< h, {xk > a)r'^ >=< (rf > h) Xk, a > 

and, since a 6 ,4 is an arbitrary element, we deduce (|3^). Equations (|38| ) for 
/i = Xj give the defining relations (|l|) for the elements Xi- 

X^ Xj = {r^ > Xj ) Xk = ff»f Xm Xfe + C^j Xk , C^S- =< Xj , > . (39) 

The Jacobi identities (||) for the structure constants C*^, can be obtained by 
pairing of eq. (^9|) with rj^. Another application of ( ^6| ) is that by taking 
a = r^- one deduces the relation 

C^. C = r";, ri ^ C<^^ r, = n C<ll , (40) 

which gives the conditions (H) by pairing with fP. Eqs. ( ^ ) are the invariance 
condition for the structure constants C^'j with respect to the rotations by 
matrices r*. 

Eqs. (p7|), where = and /j- = /j, give for /i = /™ and h = Xn' 

0-12/1/2 = /l/2Cri2 , (41) 

(^f;j. Xp + CL) /j^ = // C% + ftxm, (42) 
and pairing (^Tj) and (^) with reproduces (H) and (^). 

Now we introduce the set of elements a' G A such that < Xi, aP >— ■ By 
definition we have S{a'^^s^)d{a'^^-^) = ui^ and e(a^) = |]. 

The Maurer-Cartan equation reflects the fact that (P{a) = and this equa- 
tion can be deduced as follows 

dujf^ = d(5(afi))d(af2)) = -5(4i))(i(«f2))^(af3))d(af4)) = 

= -X. (afi) )X, (4) ) A co^ = -t% A uji = -Cf^- ® w^ ^ 

where :=< Xm Xn, a* > and we use relations: 

-(i-a);","c„, (44) 

which can be obtained by pairing (^9|) with a'^. 

Remark 1. The action of Aji on the first relation of (^J) gives 

Xi(a(2))w* 5(a(i))a(3) = x»(a)w-' ® r} , 
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and as a result the elements rj are expressed in terms of the generators a*: 

Xi (a) r} = S'(a(i) ) Xj (0(2) ) a(3) ^ r] = S{a[^)) x, (a(2) ) "(3) > 

On the other hand Xi(a^ a) = fiio.) Va € ^ and, thus, the elements and 
/j (which completely define the bicovariant bimodule over A) are fixed by 
elements £ A and Xi & A* . 

Remark 2. For further consideration it is useful to introduce a slightly dif- 
ferent basis of vector fields Xi by means of the formula d{a) = {xi > a) ||25|] . 
Comparing this formula with ( p4[ ) gives the relations Xi — ff Xj ^ Xj — 
S~Hfj) Xi, and from (|3|), @ we have 

X^ = -S-\x^) ^ A(x.) = X. ® 1 + X, • 

By applying to one obtains 

^Xj = Xj < ^(1), '5'(»'D > /i(2) • (45) 

3.4 Heisenberg double F^xiF^* and Cartan calculus 

The differential algebra of Cartan calculus should be constructed |^ , , 

as a Heisenberg double F^xF^* of algebras F^ and F^*. The action of d on 

the elements of the Heisenberg double F^xF^* has to be extended as well. 

First of all we recall that the Heisenberg double F^xF^* is an associative 
algebra which is a product of two algebras F^, F^* with nontrivial Z2— graded 
cross-multiplication rule 

7c^ = (7(1) >^)7(2) = (-l)'i<=g(^(i))-'i°sH2))^(^^ < ^(2^ > ^^2) , (46) 

where w G F^ and 7 G F^*. This rule defines the commutation relations 
between the elements of F^ and the elements of F^*. 

Although F^ and F^* are Hopf algebras, their Heisenberg double F^xF^* 
is not a Hopf algebra. But F^xF^* still possesses some covariance properties. 
Let us define a right A - coaction and a left A* - coaction on the algebra 
F^XF^*, which respect the algebra structure of F^xF^*. We denote {e"} 
and {ca} the dual basis elements of A* and A respectively. The right A - 
coaction and left A* - coaction on z G F^xF^* are defined as follows: 

Ar{z) ^ C {z ® 1) Al{z)^C-^{1(»z)C , C = e"®e„. (47) 

Note that Ar{z) = A(z) Vz e A and Al(z) = A(z) Vz e A*. The axioms 

(idig) A)Ar = {AR'g>id)AR , (id ® Al)Al = (A ® id)AL , 
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(id ® Ar)Al{z) = (Al ® id)AR{z) C13 , 
can be verified directly by using the pentagon identity [ p6| for C 

12 (-^13 (--23 — ^-23 L-12 ■ 

It is clear that the coactions ( |47| ) are covariant transformations (homomor- 
phisms) of the algebra F^xF^*. The inverse of the canonical element C is 

C-i = S'(e")®e„=e"(g)S'(e„), 
and Afl ( p7| ) is rewritten in the form 

Ar{z) = (e^^) z 5(e^2))) 67 • (48) 
In particular, for y G ^* we have 

Afl(y) = y(i) «> y(2) = (e^ y '5'(e^2))) ® ■ (49) 



By pairing the second factor of (^9|) with an arbitrary x a A' we de- 
duce the relation y(i) < x, y|2) >~ '^{\)V S(x{2)) which is equivalent to the 
commutation relations for x,y d A* 

xy = y(i) <X(i), y[2)> X(2) , (50) 



where A(a;) = a;(i) ® X(2). The inverse statement (that one can obtain ( [4 91) 
from (|50|)) is also correct. The analogs of eqs. (|4^), ( ^ ) and ( |50| ) for coaction 
can be deduced in the same way. Comparing the commutation relations 
(50) with eqs. ( ^ ) one can find as an example the right coaction A^^ on Xi 

AR{x^)^X,®S{rl). (51) 

At the end of this Section we present some cross-commutation relations 
(see (^6[)) which will be needed below 

[X., u:^]- = Cf.J ft , [7», ^^]+ = //, h, a]^OVaeA. (52) 

4. BRST Operator for Quantum Lie Algebras 

In this Section we find a bi- invariant element Q G F^XiF^* (a BRST operator) 
which generates the differential d: 

duj = [Q, w]± , G F^ (53) 

The operator Q has to be of the grading 1 and obeys Q f\Q — Q. 
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We change the basis of differential forms {oj''} and consider new basics 
elements — uj^ which are convenient in view of the relation 

[Q\a]^0 \faeA. 
The following equations for il' are also valid (see (^2[)): 

X|2> f^<'l = r!<'l (ai2 X|l> + C<2'^) , 7|2> = Tl2 7|1> + /2 , 

(54) 

and the definition of the wedge product for r variables fl^ holds: 

^<r| ^<1\ ^ ^<r\ ^ , ^ (g, ^<1| j^^^^ 

Now we formulate the main result of the paper (see also ]28[|): 

Proposition The BRST operator Q for the quantum algebra which gen- 
erate the differential (^^, has the following form 

h-l 

r=l 

where h is the height of the operator (T12 (|J^. 
Here the operators Q(r) ^.i"^ given by 

g(,) = r!<'-+ii n<^\ . . . r!<ii x<^-%^ . . . 7|,> (56) 

(the wedge product is implied); X^^"^^^^^ are tensors which satisfy the following 
recurrent relations 



with the initial condition A12 X^^\^ — — C,'"*'' 



(57) 



12> ^|12>- 

Proof. We have to verify the conditions [Q, a] = da (Va G A) and [Q, uj'^]+ = 
doj^ (Vw' G r'^') and the identity = 0. The proof of the condition [Q, a] = 
d a (Va G A) is straightforward since 17' and 7^ commute with all a ^ A. So we 
need only to prove [12' Xi, a] — da which follows immediately from relations 
(^4|). The other conditions are valid only if the recurrent relations ( |57| ) are 
fulfilled. We will give the complete proof of this statement elsewhere. 

Remark 1. The first term 17' Xi — Xi iii (|5^) is a bi-invariant element (see 
(pi]), ([5l|)). One can prove that all other terms (5(r) are also bi-invariants. 

Remark 2. For general a'^i and Cjj, it is rather difficult to solve equations 
(p7h explicitly. However for the case ct^ = 1 the main equations (B^ become 



12 



simpler and the general solution for Q can be found. Indeed the relation ( p7| ) 
for r = 2 gives 

Ai_3 (1 - ai2) = Ai^3 (^23 ai2 - 1) Xg^ . (58) 

For (7^ = 1 we have Ai^3 (0-23 cri2 — 1) = and therefore Q(r) = for r > 2. 
Thus the BRST operator (^5|) has the familiar form 

Q = r!<i| x|i> - r!<'l ® r!<'l C<2'^ 7|i> ■ 

In general, for cr^ 7^ 1, the sum in (|5^) will be limited only by the height h 
of the operator a. 

Below we present an explicit form for Q for the standard quantum defor- 
mation A* — Uq{gl{N)) of the universal enveloping algebra of the Lie algebra 
gl{N) {(7^ =/= 1 in this case). 

Remark 3. Here we give expressions for first two coefficients -'^'|^23> ^^'-^ 

X|^234>- Substitution of the initial condition Ai2X^^[^ — —C^^y i^to ( ^8|) 
gives 

^123 ^|i23> ^12 = [C2 + ^1 ^2 Ci S3] A12 (59) 

where we have used the concise notation 

CTn = Cr«n+1 , C„ = C|^'^^i> , Sn = S^^'l ^' . (60) 

The analogous formula for the next coefficient is 



^1234 ^|1234> ^123 

= [(C3 + (72 0'3 C'2 - (Ti (72 0'3 (C2 + CTi (72 C*! '53)(54] A123 . 



(61) 



To obtain (|59| ) and (61) it is convenient to rewrite eqs. (g) - (g) in the form 
(see notation (60)): 

Ci^3C'i — a-2CiS3Ci + C2C1 , CiS^ai = (T20'iC'2 , 

(ct2Ci(53+C2)(7i = Cri((72Ci(53 + C2) , CTi(72Cri = Cr2CriCr2 • 

5. BRST and anti-BRST operators for quan- 
tum linear algebra Uq{gl{N)). 
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5.1 BRST operator for Ug{gl{N)) 

The quantum algebra Uq{gl{N)) is defined (as a Hopf algebra) by the relations 
[| 

A(L±) = L± ® L±, £(i±) = 1, = , (63) 

where elements of the N x N matrices {L^)) are generators of Uq{gl{N)); the 
matrices and L~ are respectively upper and lower triangular, their diagonal 
elements are related by {L^)l {L^)] — 1 for all i. The matrix R is defined as 
R := i?i2 — P12 R12 {P12 is the permutation matrix) and the matrix R12 is the 
standard Drinfeld-Jimbo i?-niatrix for GLq{N), 

^12 = B^X - S^S^lil + (q- 1)S^^^^) + {q- q-')S%5^Q.,,, , (64) 

where 

o _ / 1 if i > j , 
~ 1 if i < J . 

This i?-matrix satisfies the Hecke condition IV — XR+1, where A = {q — q^^) 
and g is a parameter of deformation. 

The generators of the algebra A* are defined by the formula , , ||2^ 

xi = \[iD-%-{D-')lfj:,]. (65) 

Here — L^l.S{L^^j) and the numerical matrix D can be found by means of 
relations 

Tr2i?i2*23 = ^3 - Tr2*i2 R23 , Di Tr2*i2 ^ Tn{D-^R-^) = I2 , 

where Tri and Tr2 denote the traces over first and second spaces. 

For the GLq{N) i?-matrix ( |64|) the explicit expression for the Z?- matrix is: 

(/?-!);. =(72(^-^)+i<5;-, TriD-') = ^ (66) 

J J q — q ^ 

It is convenient to write down the commutation relations for the differential 
algebra in terms of generators 

L) = {L+)lS{iL-)^) = 5] ~XS-\xl) , 

Jn = -S^^ifjf) IkDi , ^] = fkj' ■ 

The indices now are pairs of indices; the roles of the elements Xij Ij and VL^ 
are played by the generators x*, 7* and 17* respectively. 
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The commutation relations are [Q, p5{ : 

UJ2Br^UJ2R^ -Rr^UJ2Br^UJ2 , UJ2RL2R= RL2RUJ2 , (67) 

UJ2RJ2R + RJ2R^2 = -R, L2RL2R = RL2RL2 , (68) 

J2R L2R = RL2RJ2 J J2R J2R = ^ J2R J2 ■ (69) 

To write down the whole differential algebra over GLq{N) we need to add 
the generators T"!- of the quantum group Fun(GLq{N)) with commutation 
relations 

RTiT2^TiT2R, LJiT2^T2R-^uj2R-\ (70) 
JiT2=T2RJ2R, LiT2^T2RL2R. (71) 



The BRST operator Q for the differential algebra (|6^) - (|71|) can be con- 
structed with the help of the formula ( p5| ) and has the following form : 

Q = Trq{Lo{L -l)/\-uoL (ujj) + \uoL (ujjf ~ \^ uj L {ujjf + . . .) (72) 

= Tr, (^Lj ^^^^^ -ljL {ljJ) (1 + AtoJ)-! j - -jTrg{uj) + j Tr^ (9) , 

(73) 

where Q — ijjL{1 + XloJ) ^ and Trq{Y) Tr{D ^ F) is a quantum trace. 
The sum in eq. ( |7^ ) is finite due to the fact that monomials in w's of the 



order N"^ + 1 are equal to zero (since the exterior algebra (67) of forms on the 
quantum group GLq{N) is a flat deformation of the classical algebra pl|). 
One can check directly that the BRST operator Q given by (|7^) satisfies: 

Q2^0, [Q, i] = 0, (74) 

[Q,T]=TLj = dT, [Q,uj]+ = -Lj^ = dLj, (75) 

[Q, ./]+ - i (1 - L) . (76) 

The (anti)commutator with the BRST operator Q (relations ([75|)) defines the 
exterior differential operator over GLq{N)\ it provides the structure of the 
de Rham complex Vl{GLq{N)) on the subalgebra with generators and 
(the de Rham complex Vt{GLq{N)) has been firstly considered by Yu.I.Manin, 
G.Maltsiniotis and B.Tsygan ^). 

The last relation (|7|) is an analog of the Cartan identity. To obtain relations 
74[ ) - ( [76| ) one has to use the invariance property of the quantum trace: 

Trq{X)l2=Trq^{R^^X2R^^) 
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and relations 

RQ2 R'^ UJ2 ^ ~UJ2 R^^ 02 R , (77) 

Re2R'^02 = -e2R'^02R~\ (78) 

R'^Q2RL2^L2Re2R-\ Gi = 82 7? , (79) 



J2RQ2R'^ + R'^Q2RJ2 = -L2 {1 + XloJ)2^ R-^ (1 + AwJ)2 , (80) 
which follow from ©-(111). 

Remark 1. The operator Q given by (|7|) has the correct classical limit for 
q 1 {X ^ 0, L ^ 1 + \X, Lj ^ iJj, J ^ -7): 

Q ^ Qci = Tr{uox + 7) = Tr{Lb X - u) ^ Co) , 

where 

X :=x + tl'7 + 7w (81) 

and the classical algebra is 

[^^2, 7i]+ = -P12 , P2, = = [72, 7i]+ , (82) 

[^2, ^1] =^12(^2-^1) , (83) 

[X2,wi]=0=[X2, 7i]- (84) 

Remark 2. The differential complex Vl{GLq{N)) gives rise to the de Rham 
cohomology groups HP{GLq{N)) of the quantum groups GLq{N). The q- 
analogs of the basic generators for the de Rham cohomology ring H*{GLq{N)) 
can be chosen as 

:= Trg(cj") (n = l,3,5,...,2iV-l) . (85) 
These generators satisfy [Q, jlj] 

= -Tr5(t^"+i) = 0, VL^^^]+ = . 

5.2 Anti-BRST operator and quantum Laplacian 

In the same way as we deduce the explicit formula (^2|)-(^3|) for the BRST 
operator Q, one can construct the anti-BRST operator Q* for the algebra 

Q* ^Trq{j{L-^ ~l)/\ + JL-^Juj)^\ {Trq{Q*) - Trq{J)) , (86) 
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where Q* = J L ^ (1 + A Jo;). The operator Q* satisfies 

{Q*f = , [Q*, L]^0, (87) 

[g*,T] = q2^rj, [Q*, j]+ = V'^j^, (88) 

[Q*,Lu]^q^^ (w^—^W-\cjJ^u?j . (89) 

Here the factor appeared because of the following identities (see (|66|)) 

Tr,i(i?) = Tr.iiR-^ + XI) = q^'^ U ■ 
For convenience we introduce new operators Q 

W ^{1 + XujJ) , W=(l + AJw). (90) 
To prove eqs. (^), ( p8| ) and (|8^) we used relations 

RQ^RQ^^ -e*2Re^R-\ R-^eT^RL2^ L2 110*2 ^ (91) 
Re^R-^uj2+ LU2 R-'^ e^R^-iw L-^W)2 R ■ 

Using eqs. (|8|) and (|8^ ) one can define the dual differential d* as an 
(anti)commutator with the anti-BRST operator Q* . 
Now we define the current matrix [/j: 

which is a quantum analog of the matrix X (^) and satisfies the reflection 
equation 

R-^ U2 Rr^ U2 = U2 Rr^ U2 Rr^ . 

For this current matrix we deduce the following commutation relations 

ikU2 R'^ L02 ^ LU2 R^^ U2 R , R-^U2RJ2 ^ J2RU2R'^ . (92) 

These relations are correct quantum analogs of the commutativity conditions 
( ^4|) {U is represented as U = 1 + AX where X ^ X for q ^ 1), i.e. 

^|l> ^\2> ~ <^12 ^\2> X|i> , X|i> J|2> ~ CT12 J|2> X|i> , 

where ai2 , CT12 are braid matrices defined by ( p2| ) converted to the permutation 
matrices for q = 1. Moreover, the transformation of the left-invariant current 
U into the right invariant current S: 



17 



leads to the exact commutativity conditions: [^2, i^i] — 0, [S2, Ji] = 0. 

By definition the quantum Laplace operator is (here it is enough to use 
relations @ - @) 

A:=QQ* + Q*Q = A"^ Trg {L - 2 + L'^W ~ XJ L'^Wlj) , (93) 

The Laplacian A is a BRST and anti-BRST invariant operator: 

[Q, A] -0 = [Q*, A] , 

and it generalizes the Casimir operator for the universal enveloping algebra 
U,(gl{N)).^ 

Taking into account the identity 

-\Trq{j L-^W Lj) =Trq{{q^^ -l)L-^W + \q^^ LoJ L-^W) , 

one obtains a remarkable expression for the quantum Laplacian via the current 
U: 

A = ^Tr,{L + q'^U~2) . 

Now the formulation of the Hodge decomposition theorem is in order. Con- 
sider the space of polynomials in the variables and with complex coeffi- 
cients 

K k 

\^ >:=*[r,cc;] = ^^Tri...fe (Ti . . . ^,+1 . . . WfeVi...fc) 

fe=0 r=0 

(for some K). Here the case r — Q corresponds to the arbitrary polinomial in 
tt>'s which independent of T's. The vector fields i] —5] and inner derivatives Jj 
act on the zero-order monomial |0 >:= 1 from the left as anihilation operators: 

{L)-5])\0>=Q , J]|0>=0. 

This defines the left action of the BRST, anti-BRST and Laplace operators on 
the polynomials >. Now the decomposition theorem can be formulated: 

Theorem. Any polynomial ^'[r, w] can he decomposed into a sum of BRST- 
exact, CO- exact and harmonic polynomials: 

\-^>=\n>+Q-\x>+Q* ■\^> , 

where A \Q 0. 

The proof of this theorem is straightforward and analogous to the proof of 
the decomposition theorem in the case of the classical Lie algebras (see e.g. 
[0, II)- 
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